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ABSTRACT 

The propagat ion of g a l a c t i c  cosmic r a y s  in rhe i n t e r p l a n e t a r y  medium 

is examined and a t r a n s p o r t  equation fox rhe  cosmic ray energy spectrum 

is  de r ived ,  By cons t ruc t ing  a Boltzmann equatfon for t h e  cosmic ray  phase 

spsce  d i s t r i b u t i o n  func t ion  and by takiivg v e l o c i t y  moments over  d i r e c t i o n s  

i n  momenrum space,  t he  con t inu i ty  and momentum conserva t ion  equat ions  f o r  

each energy element of t h e  cosmic ray gas  are obta ined ,  

s z a t t e r i n g  (by magnetic i r r e g u l a r i t i e s )  on the d i s t r i b u t i o n  func t ion  is 

t r e a t e d  by a Fokker Planck equat ion while t h e  e f f e c t  of s c a t t e r i n g  on t h e  

d i f f e r e n t i a l  s t reaming v e l o c i t y  i s  t r e a t e d  by means of a r e l a x a t i o n  

approximation. By l i n e a r i z i n g  t h e  momentum equat ion ,  w e  o b t a i n  express ions  

f o r  t h e  d i f f e r e n t i a l  s t reaming v e l o c i t y  a t  an  a r b i t r a r y  po in t  f n  t h e  medium 

i n  terms of t h e  l o c a l  energy spectrurr,, The va lue  of t h e  f i r s t  Fokker Planck 

c o e f f i c i e n t  i s  evaluated and found to r ep resen t  a d i a b a t i c  cDoling of t h e  

cosmic ray gas  wh i l e  an a d d i t i o n a l  d e c e l e r a t i o n  arises from s t reaming along 

a p o l a r i z a t i o n  e l e c t r i c  f i e l d .  The r e s u l t i n g  t r a n s p o r t  equat ion  for t h e  

enexgp spectrum reduces t o  the equat ion Parker (1965) s t u d i e s  if t h e  e f r e c t s  

of the I n t e r p l a n e t a r y  p o l a r i z a t i o n  e l c t r i c  f i e l d  are neglez ted ,  

The e f f e c t  of 
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INTRODUCTION 

The d e t a i l e d  understanding of cosmic zay propagarion i n  t h e  

i n t e r p l a n e t a r y  mediilm IS cur ren t ly  of speci&i imporcanze because 

measurements zn I c w  energy c x m i c  rays, which a re  be l ieved  tc be 

most s e n s i t i v e  t o  s o l a r  e f f e c t s ,  are  only  now being w i d e l y  c a r r i e d  

ou t .  The l o w  energy d a t a  (e.g. Fan, e t a l .  1965) have revealed a 

number of unexpected p r o p e r t i e s  of t h e  cosmic ray energy and charge 

spectrum and as more d a t a  is co l l ec t ed  i n  t h e  present  years approach- 

i n g  s o l a r  maximum i t  w i l l  become inc reas ing ly  impsr tan t  m know t h e  

e x t e n t  of t h e  in f luence  of s o l a r  modula t ion  on the  d a t a .  

A l a r g e  amount of t h e o r e t i c a l  work has  been devoted t o  t h e  

modulation problem and t h e  present  work i s  c l o s e i y  r e l a red  t o  t h e  

c a l c u l a t i o n s  of Parker  (1965), Axford (1965), and Quenby (1966), i n  

parrfcular. One of t h e  aims of the  p re sen t  c a l c u l a t i o n  is t o  i n d i c a t e  

t h e  r e l a t i o n s h i p  between these  approaches t o  t h e  modulation problem 

and to show t h a t  a gene ra l i za t ion  o f  Axford's technique l eads  to Parke r ' s  

equat ion  of n o t i o n  f o r  t h e  energy specr rm i f  c e r t a i n  approximations are  

made 

I n  Axford's approach LO t h e  problem, the C O S ~ P C  ray  ino t im  is 

sepa ra t ed  i n t o  continuous f l o w  (due  t o  a s ready  elecrromagnet ic  i i e l d )  

and s c a t t e r i n g  (due K O  f l uc tua r i ans  i n  t h e  f i e l d s )  bg means of a Briltzmann 

eqmacion i n  which t h e  c o l l i s i o n  t e r m  r e p r e s e n t s  t h e  cosmic ray s c a t t e r i n g  

by f i e l d  f l u c t u a t i o n s ,  Then by tak ing  moments of t h i s  equat ion  wi th  r e spec t  

t o  TJ over a11 v e l o c i t y  space,  Axford obtains equat ions  for t h e  cosmic ray 

number dens i ty  and st reaming v e l o c i t y -  These equat ions  a r e  then  solved 

and give Parke r ' s  w e l l  known expanenrial  modulation f a z t o r  f o r  t h e  number 
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dens i ry  as w d l  as gene ra l  expressions fo r  each component of t h e  s t reaming 

v e l o c i t y .  

Throughout h i s  Enr i r e  ana lys i s  Ax€c;rd w a s  concerned only wi th  t h e  

i n t e n s i t y  and s t reaming of t h e  total cosmic ray gas ,  fnnespecsive of 

any e f f e c t s  of t h e  madulat-ron on t h e  cosmic ray energy spectrum, I n  

Quenby's work t h e r e  is  a l s o  d i scuss ion  of t h e  d e c e l e r a t i o n  of cosmic 

r ays  as they d i f f u s e  throughout the s o l a r  system. T h i s  dece le ra t ion  

is  p i c t u r e d  as a r i s i n g  from two phenomena, I n  t h e  f f r s t  p lace ,  t h e  

outward flow of t h e  solar wind Ereates a p o l a r i z a t i o n  e l e c t r i c  f i e l d  

and it  may be  shown t h a t  cosmic r ays  which d r i f t  due t o  t h e  magnetic 

g r a d i e n t  i n  the i n t e r p l a n e t a r y  f i e l d  a l s o  d r i f t  a g a i n s t  t h e  polarfza-  

t i o n  e l e c t r i c  f i e l d ,  and hence lo se  energy. Secondly t h e  magnetic 

i r r e g u l a r i t i e s  r e spons ib l e  f o r  the cosmic ray s c a t t e r i n g  expand wi th  

t h e  solar wind and t h i s  produces 8n o s e r a l l  F e m i  d e c e l e r a t i o n  of 

the cosmic rays as t h e  rebound from the d ive rg ing  i r r e g u l a r i t i e s ,  

Quenby ob ta ins  d e c e l e r a t i o n  r a t e s  dulc t o  t h e s e  p i a r e s s e s  and then  

e s t ima tes  the e f f e c t  of. t h i s  dece le ra t ion  on t h e  energy spectrum .-f 

the incoming c3snic  rdysa  

In the  present  wGrk  WE wish t o  t r e a t  rhe m d u l a t i z n  due t o  

d e c e l e r a t i a n  in a mcie uniiied way and w e  sha l l  do so in a mariner 

suggesred by AxfoEd's work, N a m e l y ,  s r a r t i n g  trom t he  same Bolrzmann 

equat ion ,  we shall t ake  moments of this equat rcn  wi th  r e e p e i t  t o  7 

but  only over d i r e c t i o n s  i n  v e l o i n r y  s p x e ,  I n  t h i s  way w e  m e  Ped t o  

coupled t r a n s p o r t  equat ions  f o r  the cosmis ray energy s p e c t r ~ m  and 

d i f t e r e n t i a l  s t reaming velocity, ra thec  than  ron t he  cosrnio nap nlmber  

d e n s i t y  and s t reaming v e l o c i t y o  These equat ions  t h e r e f o r e  have b u i l t  

i n t c  them no t  only c jnvec t ion ,  d n f f A s i o n  and strrhmztng b u t  also,  t h e  

cosmic ray energy loss  due r 3  the s t r ady  ePecbiomagneric t i e id  and s c a r r e r i n g ,  
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We dc not consider s o l u t i o n s  for the energy spee t r~rm however, and 

theretore are not  proposing 2 specific mcdulation func t ion  a t  t h F s  

time, Our d i scuss ion  cen te r s  e x c l J s i v e l y  on the t r anspor t  equat ion  

itself P 
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TRANSPORT EQUATIONS FOR THE ENERGY SPECTRUM AND STREAMING VELOCITY 

The i n t e r p l a n e t a r y  space  throcgh which cosmic rays  pass  is known 

t o  possess  a magnetic f i e l d  which is being t ransporred  outward from t h e  

sun by t h e  s o l a r  wind. To a f i r s r  approximation t h i s  f i e l d  has an 

appearance,  as shown i n  Figure 1; and w e  s h a l l  make use of t h e  fol lowing 

p r o p e r t i e s  of the f i e l d  i n  the present  c a l c u l a t i o n , ( l )  The average 

magnetic f i e l d  a t  any po in t  f i n  the e c l i p t i c  p l ane  is  given by 

2 -Qr BP = B O ( r O ) ( y )  , Be = 0, B = -  
V f  
0 $ -- 

where s2 is t h e  angular  v e l o c i t y  of the sun ,  V is t h e  s o l a r  wind speed 

and B (r ) is t h e  s o l a r  magnetic f i e l d  at t h e  base  of t h e  f i e l d  l i n e  

pas s ing  through F. The above magnetic i i e l d  is observed t o  l i e  

i n  s e c t o r s  o r  tubes of t i x e d  magnetic p o l a r i t y ,  and w e  s h a l l  f u r h e r  

assume t h a t  B ( r  ) is cons tan t  wi th in  a given sector so  t h a t  B(r) is  

s t a t i c  as long as ? remains wi th in  char  sector, (On a t i m e  scale  of 

weeks, hawever, a l t e r n a t i n g  sec to r s  sweep pas t  s o  that BQf) has  a 

t i m e  dependenie which is s t r o n g  during t h e  passage of s e c t o r  boundar ies , )  

(3)  The average solar wind blows r a d i a l l y ,  with uniform speed everywhere 

i n  t h e  e c l i p t i c  and is  only a weak func t ion  of time. The flow a€  t h e  

s o l a r  plasma p a s t  7 i n  t h e  presence of t h e  above magnetic f i e l d  produces 

a p o l a r i z a t i o n  e l e c t r i c  f i e l d ,  E = -W x B,  which i s  s t a t i c  as long as F 

remains w i t h i n  a given magnetic s e c t o r ,  However, t h e  sense  of t h i s  

e lec t r ic  f i e l d  reverses as a neighboring magnetic sector of oppos i t e  

p o l a r i t y  sweeps p a s r  io 

0 

0 0  

(2) 

0 0  

- - - 
0 

The above d e s c r i p t i o n  i s  an  i d e a l i z a t i o n  which a p p l i e s  only to t h e  

average, q u i e t  i n t e r p l a n e t a r y  e lec t r smagnet ic  f i e l d ;  t h e  t r u e  f i e l d s  a re  
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found : o  b e  mr;h mare carr,pli-atedp There & r e  v a r i a t i o n s  i n  magnetic f i e i d  

s t r e n g t h  and s o l a r  wind speed 0.iper the sola: s u r f a c e  and t h e r e  are i n s t a b i l -  

i e i e s  i n  t h e  plasma which produce waves or f f u c t t d t i o n s  which are super- 

imposed on the  q u i e t  d w t r o m a g n e t i e  f i e l d ,  In f a c t ,  t h e  power spectrum 

of these w a v e s  in r h e  s p i r a l  magnetic f i e l d  has  a l r eady  been measured, 

( e ,  g o  Hslzez e t a lo  1966) .  

We are now i n t e r e s t e d  i n  the propagat ion of cosmic r ays  through 

t h e  above e lec t romagnet ic  f i e l d  and s h a l l  s p e c i a l i z e  o w  presen t  d i s x s s i o n  

t o  par t ic l ies  w i th  10 MeV E PO0 M e V ,  s o  t h a t  we can k&eF t h e  a n a l y s i s  

n o n - r e l a t i v i s t i c ,  The gene ra l i za t ion  t o  i e k a f f v i s t i e  p a r t i c l e s  is simple 

and can be c a r r i e d  ou t  la ter ,  P a r t i c l e s  i n  t h e  above enezgy range have 

g y r a t i o n  r a d i i  s m a l l  compared with t h e  scale size of t h e  unperturbed magnetic 

f i e l d  and t h e r e f o r e  a p a r t i c d b r  cosmic ray F a r t i d e  w i l l  guide a d i a b a t i c a l l y  

along B ( F )  and will d r i f t  s lowly normal t o  B, with velocity, 

- 
where IS Che p s r r i c l e  o r b i t a l  magnetic moment and R 14 the a r c e l e r a t i o n  

o t  its guiding cerirer, Ihe re  aLe two a s p e c t s  of t h i s  a d u b a t i c  motion which 

p l a y  an importanr r z l e  in the rnoduht ion u f  galactic cosmic rays.  (1) Far  

frcm the sun where th.; magnetii l ikkd is essentially azimuehal, t h e  e l e c t x k  

d r i t t  c a r r i e s  paihtic-kes r a d i a l l y  outward at the solar wind v e l o c i t y ,  (2)  The 

csrribilned g rad ien t  and curva ture  d r i f t  moves p a r t i c l e s  i n  a polar  d i r e c t i o n  w i t h  

a d r i f t  ve loc i ty  e s s e n t i a l l y  pKOpOEtiUnd t o  the k i n e t i c  energy of the p a e t i c l e .  

PurthErmore, t h i s  d r i . i t  velocity is i k w a y s  i n  a d f r e r t i G n  such thaz  
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and t h u s ,  all d r l l t r m g  p a r r i c l e s  (whether e l e c t r o n s  QL n i r i l ~ i ,  o r  w h e t h a  

B is d i r e c t e d  t m a r d  OP away fron the  sun) lese energy, The unperturbed 

i n t e r p l a n e t a r y  f i e l d  t h e r e f o r e  has the fwa prsper  L i e s  of carrying p a r t i c l e s  

out of the s o k r  s y s e e m  as w e l l  as d e c e l e r d t i n g  rhem, 

- 

The rata1 electr imagnetnc f i e l d  ES of course the unperturbed f f e l d  

p l u s  t h e  f luc t aa rzons ,  and and ehe t l u c r d a t i o n s  gi-re r i s e  t o  f o r c e s  

which displaGe 31: scatter p a r t i c l e s  QUL of t h e i r  i d e a l i z e d  h e l i c e s  a 

Furthermore, the f l u c t u a t i o n s  respons ib le  for t h e  s c a t t e r i n g  tend t o  be 

c a r r i e d  oatward by rhe s o l a r  wrnd and rhe re fo re  mmpxnse an  expanding 

magnetic e s n i i g u r a t i s n  trom which t h e  p a r t i c k  sccicters.  The p a r t i c l e  

t h e r e f o r e  s u f f e r s  a Fermi dece le ra t ion  which is  d i s t i n c t  from the 

d e c e l e r a t i o n  dfscussed above. Pe r ru rba t ions  i n  t h e  i n t e r p l a n e t a r y  f i e l d  

che re fo re  have t h e  p r o p e r t i e s  o t  s c a t t e r i n g  and coa l ing  the  p a r t i c l e s ,  

We now wish t o  consider  a d i s t r i b u t i m  of cosmic rays of a f ixed  

species  having v e l t x i t y  -C a t  t h e  p o s i t l - n  r a t  t i m e  t ;  f (F , , , t> ,  This 

d i s t r i b c t r o n  func t ion  evolves i n  t i m e  d s e  t3 zhe skeady  unpertyirbed 

EOKentZ tOLCe, 

- 
and due LO t h e  s c a r r e r i n g  imparted by thc i r r o g & i r i t i s s ,  &I?, The 

c o n t i n u i t y  c, t  p a r t i c l e  flow i n  phase space 1s expressed by the  BoPtzmann 

equat ion  , 
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where 2f . ,"3tb 1s the ra te  a t  whi:h p a r t i c l e s  are  s -a t t e r ed  i n t o  t h e  

volume element at  (x ,vi) by magnetrz 1s:  e g u l a r e t i e s ,  

functmnz f is more det-aidLed than necessaay f o r  QUZ present  plszposes 

because i x r n i c  ray  measuvcnents gene ra l ly  g ive  only a speed (or energy) 

d i s t r i b u t i o n  of the p a r t i c l e s  T h h t  i s ,  t h e  q u a n t i t y  whfrh is  observed 

and which s h d B  be 3f intarest t o  us here w i l l  be  

c 

The d i s t r i b u t i o n  i 

2 h(xi9v,t) fi 1 fgx ,V , t ) v  dRr 
1 1  

where t h e  i n t e g r a t i o n  is QVEL a11 d i r r c t r o n s  on the s h e l l  UT = eonsrant  

m v e l o c i t y  spaze.  

spectrum a t  x a t  t h e  time, t o  The average va lue  of any func t ion  of t h e  

; ,e loci ty  A ( w , )  averaged ovec a l l  par t fc les  of speed, I v .  1 is then  

The quan t i ty  h LS e s s e n t i a l l y  the cosmic ray energy 

1 

1 1 

Ln o r d e r  t o  2b ta in  rhe t r a n s p o r t  equat;an s a t s i i e d  by h ,  one may 

msegrace  equat ion  1 t e r m  by t e r m  S ; ~ L  rhe  she l l ,  v = i s n s t a t ,  This  

i n t e g + : d t n m  can be s -a r i ied  OLE ( s e e  apperidsx A) dnd gi es 

where - v  LS rhe average (or s ~ r e a m i n g )  ve ioc i ty  af p a r t i c l e s  w i t h  speed 

v (hereaf te r  ,:aYled t h e  d i f f e r e n r i a l  s t reaming u e l o c i t y )  and 2 h ; d t )  1s the 

r a t e  ar which cosmic r a y s  are srattered i n t o  t h e  speed v at x Thls  

equat ion  merely states t h e  c o n t i n d t y  o t  p a r t f z i e  Flow i n  (x 03 space,  

It LS important t o  no te  t h e  d i f f e rence  between the abme  c o n t i n u i t y  

equat ion  and thL usual c o n ~ m u ~ t y  eq~a tn ; rn  ~n coord ina te  space  f o r  t h e  

1 

c 

1 

1' 
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-,;rc,icP~ ~ ~ z b s r  -ler?siry, The lasr two terns, which are  absent  m t h e  

usua l  con t inu i ty  eq’sat isn,  i n d i c a t e  t h e  f a c t  thar: t h e r e  i s  a source  of 

p a r t i c l e s  w i t h  speed ‘g at x - ~  Spec i f i caPPy ,  t h e  s t eady  e l e c t r i c  f i e l d  

as w e l l  as s c a t t e r r n g  can pr2dilce p a r t i c l e s  of speed v from p a r t i c l e s  

a t  other speeds, 

Although equat ion  4 is a s ranspor t  equation f o r  h which sm.tably 

con ta ins  a l l  t h e  propagat ion and dece le ra t ion  e f f e c t s  due t o  F and 6F, 

i t  a l s o  conta ins  t h e  d i f f e r e n t i a l  s t reaming Yelocity which a t  p re sen t  

is  a n  undetermined q u a n t i t y ,  W e  t h e r e f o r e  wish LO o b t a i n  an equat ion  

of motion ~ G X  t h e  d i f f e r e n t i a l  streaming d e l o c i t y ,  and t h i s  may be  done 

by t ak ing  t h e  moment of t h e  ve loc i ty  v over t h e  s p h e r i c a l  s h e l l  v = 

consrant  i n  v e l o c i t y  space,  f o r  each t e r m  of t h e  Boltzmann equat ion,  

Defining t h e  random v e l o c i t y  wI by wi = v 

Equation is (see Appendix A) 

j 

- ’v . 
i i ’  t h e  r e s u l t i n g  

St:) f h-w i w J ,  

is t h e  sfress tensor  a s soc ia t ed  with t h e  random motion of p & r c i e i e s  with 

speed v ,  Also, 
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1s the  ate at whxzh s c a t t e r i n g  ixreases che momentm of p a r t i c l e s  

w i t h  speed v 0  Equation 5 1s a dyn;lmical equat ion  which states that an 

a c c e l e r a t i o n  01 the (xiyxi T Ax v +  v + Lv) eiement of t h e  cosmic ray 

gas  r e s u l t s  from (1) t h e  presence of appl ied  iorces,  (2) a net flow o€ 

momentum i n t o  t h e  (Ax $-t) elemenr and (3) a n e t  s c a t t e r i n g  of momentum 

i n t o  the (:,xi,l?v) element s f  the cosmic ray  gas, 

tor *-v:- as des i r ed ,  b u t  t h e  eqca tmn  involves  an  undetermined stress 

tensor which Is second o rde r  i n  the v e l o c i t y ,  Taking f u r t h e r  v e l o c f t y  

moments of t h e  Bolrzmann equat ion  only produces a he i r a rchy  of equat ions  

which ~ L V O ~ L E .  successively higher osdes co r re l ac rons  fn t h e  p a r t i c l e  

velocities, and t h e r e f o r e  a closed set of equat ions  f o r  h9<v >, S i j 9  etce 

cannot be  obtafned i n  this  wayo 

approximations which make equations 4 and 5 t r a c t a b l e .  

i '  

1 

W e  now have an  equat ion  

J 

j 
Lnstead we s h a l l  make some s impl i fy ing  

We f i a s t  examine the randon ve loc i ty  stress t m s o s ,  The cosmic r ay  

gas as a whole 1s cb6erted t o  be nearly f s o t r o p i a ;  t h a t  is t h e  screaming 

v e l o c i t y ,  

I-bear ly vanishes  The d i i f e r m t r a i  s t r e a x h g  velocity hzwever 

i n  g:@ncz.:al be zero  i n  the sceady state s i n ~ e ,  trom equat ion  4 

Nere r the l e s s  w e  shall assume t h & t  p a r t i c l e s  a t  a p a r t i c u l a r  

t a r  f ~ o m  i s ~ t r o p i ~  s o  that  S I J  may b e  sepresented as d i a g m a l  

can not. 

v are noc 

and having 
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Fuxthermore s i ~ ~ e  ~hte  differenti=i s c  l e a m a g  v e l o c i t y  w i l l  be s m d l  

ccmpaied w i t h  the p z r t i c l e  ve loc i ty ,  oar approximztim becomes 

W e  new wish t o  s impl i ry  the c o l l i s i o n  terms apprear ing  i n  equat ions  4 and 

5, 

whish cosmic r c y s  accumulate a t  (x.v9 dcne t o  t h e  simultaneous a c t i o n  of 

app l i ed  forces, s p a t i d .  f l D w  and s L a t t e n n g ,  

ori s c a t t e r i n g  a lone  by "switching o f f "  t h e  s teady  f o r c e s  and g rad ien t s ;  

t h a t  is ,  l e t  us consider  a uniform f i e l d - f r e e  reg ion ,  I n  t h i s  case 

p a r t i c l e s  accumulate a t  (x Y> due t o  s c a t t e r i n g  alone,  I f  w e  assume 

bh+t  t h e  p a r t i c l e s  are s c a t t e r e d  i n  a completely random mannei by t h e  6F's 

t hen  our f i e l d - r r e e ,  gradient-free d i s t r i b u t i o n  should satisfy (see 

Mmrgomery and Tidman, 1964)  

Let  us  f i r s t  examine equat ion  4 .  This  equat ion  gives  t h e  n e t  rate a t  

1 

W e  may focus our a t t e n t l o 7  

1 

where P ( v  - :v,?:,) i s  the tt-dnsicLan p r o b a b i l i t y  fe r  s c a t t e r i n g  f r a n  

v - v t o  \? i n  t h e  f ixed  time, LC w h e r e  L t  i nc ludes  many s a t t e r i n g s -  

Lf t h e  inhegrand is  expanded i n  a powei series i n  cv and A t  about 

(v,tb rhen one ob ta ins  t h e  Fokker-PPanck expansion, 

Me s h a l l  larer dembnstrarr  that  only t h e  f i r s t  term is important ,  

a s s o c i a t i n g  - "' w i t h  9 , eqzration 4 may be r e w r i t t e n  

T h a  

d t  d t  - 
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L e t  us nG.xt- apply an ariaLagcGs appioach to e q a a t i o n  5, This 

equafnon g ives  the d i f f e r t n t i a l  streaming ‘Teiocnty which s ~ s u E t s  f rom 

t h e  s imultaneous a c t i o n  ot appl ied  forces, grad ien t s  and s c a r t e s i n g ,  and 

once aga in  w e  can i s o l a t e  t h e  e f f e c t s  of s c a t t e r i n g  by cons ider ing  a 

f i e l d - f r e e ,  g rad ien t - f ree  conf igura t ion  i n  which t h e  t r a n s i e n t  response 

of  iv is given by 
j 

If w e  now recall c e r t a i n  basic p r a p e r t i e s  of our i n t e r p l a n e r a r y  model, 

we can apprcxfmate the s o l u t i o n  t o  t h e  above equat ion,  

s c a t t e a i n g  i s  caused by a d i s t r i b u t i o n  of randomly o r i en ted  magnef8c 

i r r e g u l a r i t i e s ,  w e  may assume that the d e f l e c t i o n s  produced i n  a ccsmic 

ray trajectory are j l s ~ t r a p i c  i n  the resL f r m ~  ~ = f   he i r r e g u l a r i t y .  

Howeber s ince  the  r r l l e g u l a r i t i e s  m:ve ddiaP1y oatward wi th  the  s o l a r  

wind speed r h e y  wlil E : ” ~ c ~ L ~ L  a net  outward msmenrum t~ t he  p a r t i c l e s ,  

and the  partic12 differential s r ~ e a i u n g  vtlocity w i l l  gradu;+kly :elax 

irom its i n i t i a l  va lue  t ‘ ~  t h e  5 C l l & e  wind velocity: 

Since  t h e  

vhcxe :(,x,v) is t h e  r e l a x a t i o n  time or c h a r a c t e r i s t i c  t i m e  needed f o r  

t h e  b F ‘ s  T O  erteztively scatter p f t i e l e s  of speed v a~ x , ,  W e  have 

rhus rnrroduced :: i n  a phenomenological way as a reEaxat1on t i m e  f Q K  the 

d i f f e r e n t i a l  s t reaming velociry, Jo ic ip l i  (1966) a d  I ? G c ~ . . z ~  (1966) have 

1 

1 



a lso  obtained a r e l a x a t i o n  t i m e  bus in a more fundamental way from a 

s t a t f s t l c a l  d e s c r i p t i o n  of t h e  p a r t i c l e  motion through t h e  i r r e g u l a r i t i e s .  

Using t h e  r e s u l t  of our  r e l a x a t i o n  approximation i n  equat ion 11, w e  o b t a i n  

as the s c a t t e r i n g  con t r ibu t ion  t o  <v .. Equation 5 then becomes 
j 

where use has  a l s o  been made of  equation 7 ,  The preceding approximations 

have t h e r e f a r e  l ed  us t o  two equations (equat ions  10 and 13) which involve 

only t h e  energy spectrum h and the d i f f e r e n t i a l  s t reaming v e l o c i t y  

Once t h e  r e l a x a t i o n  func t ion  T and t h e  Fokker-Planck c o e f f i c i e n t  :Av>/tt 

a r e  evaluared,  t h e s e  equat ions are in p r i n c i p l e  so lvab le ,  

J 
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PROPERTIES OF THE TRANSPORT EQUATIONS 

I n  order  t o  s impl i fy  equat ion E 3  w e  s h a l l  aga ln  make use of t h e  

f ac t  t h a t  Lhe d i f t e r E r i t i a i  streaming v e k c i t y  is  s m a l l ,  and w e  sha l l  

accord ingly  neg lec t  t h e  quadra t i c  terms i n  equat ion  13 ,  

i n  s t eady  s ta te  s o l u t i o n s  and t h e r e f o r e  t h e  l i n e a r i z e d  momentum equat ion  

becomes 

W e  are i n t e r e s t e d  

Equat ion 14 comprises three a lgeb ra i c  equat ions  and r e c a l l i n g  t h e  forms 

of To, E ( 7 )  and 

:v >. 

magnetic s e c t o r  and t h e r e f o r e  8 / 8 4  = 0 ,  

these equat ions may be  solved s imultaneously for 

We have a l r eady  assumed azimuthal uniformity w i t h i n  a given 
j 

The s o l u t i o n s  are e s s i l y  found 

t o  be 

2 
where 5 = - 9 Ka = e With the d e f i n i t i o n s ,  ¶ lB1! V - i  

3 ( le ,z 7 ) i m 

(P5b) 

( l5c )  
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equat ion  15 may be  w r i t t e n  

The c o e f f i c i e n r  K 

p a r t i c l e s  s c a t t e r i n g  from i r r e g u l a r i t i e s  i n  t h e  s p i r a l  magnetic f i e l d  

and C 

t h e  s teady  f i e l d ,  ECp? 

s t reaming v e l o c i t y  a t  a p o i n t  i n  terms of t h e  l o c a l  energy spectrum. 

I f  equat ion  16  is s u b s t i t u t e d  into t h e  c o n t i n u i t y  r e l a t i o n ,  

(p) is seen  t o  be a s p a t i a l  d i f f u s i o n  t enso r  f o r  
i J  

is a f l o w  vector which arises from d e c e l e r a t i o n  of p a r t i c l e s  I n  
J 

Equation 16 thrrs determines t h e  d i f f e r e n t i a l  

equa t ion  10, one ob ta ins  

as rhe cranspor t  (31: Fokker-Planck) equat ion  f o r  t h e  cosmic ray energy 

spectrum, 1.n Appendix B ,  i t  is demonstrated that  che s c h t t e r i n g  a f  cosmic 

rays i n  the Expanding solar wind l eads  t o  an a d i a b a t i c  eoolfng,  and as long 

as t h e  p a r t i c l e  speed is l a r g e  compared wi th  the s o l a r  wind speed, t h e  

kinetic energy also decreases  a d i a b a t i c a l l y ,  This  w a s  f i r s t  po in ted  ou t  

by Pasker (49631, Hence, 

With this value of t h e  Fokker-Pkanck c e e f f i c i e n t ,  equa t ion  1 7  d i f f e r s  

Lsom the equarfcrn Parker  (1965) s tud ie s  only by t h e  a d d i t i o n a l  t e r m s ,  



Since  both term t V ~ n 1 s h  i f  E = 0 ,  i t  appears  th;t our tnanspor t  equat ion  

reduces to Parke r ' s  equation in the  bbsence of a s t eady  e l e c t r i c  f i e l d  i n  

the i n t e r p l a n e t a r y  medium, 

e lectr ic  f i e l d  is j u s t i f i a b l e .  Oniy i n  t h e  case that t h e  s p i r a l  magnetic 

f i e l d  is completely o b l i t e r a t e d  by t h e  i r r e g u l a r i t i e s  would t h e  s t eady  

e l e c t r i c  f i e l d  vanish ,  T n  chis case w e  would a l s o  expect  UT - , c  1 s o  t h a t  

t h e  p a r t i c l e  d i f f u s i o n  i s  i so tropic, O u r  a n a l y s t s ,  on t h e  otherhand, has  

a n i s o t r o p i c  d i f f u s i o n  i m p l i c i t l y  bui l t .  in by our spec i f5cS t ion  of a w e l l  

de f ined  l a r g e  scale magnetic f i e l d  i n  t h e  e c l i p t i c  plane.  To t reat  t h e  

case f o r  which t h e  s p i r a l  magnetic f i e l d  is dominated by t h e  magnetic 

i r r e g u l a r i t i e s  u s ing  our  formulation of t h e  problem, we would P e t  

l 6 B I  - >  [BI. ThenIEl = jV x BI and IC,\ would a l s o  b e  n e g l i g i b l e  and 

w e  would r ega fn  Parker's equation. 

i 

IC 1s not  elear however t h a t  neglec t fng  t h e  

0 J 

Equation k6  IS an i n r e r e s t i n g  n e s u l t  i n  its o m  r i g h t  since ir g ives  

us each component of the streaming velociry and its energy dependence, 

Contrary EO t h e  total s t r e m n g  veloci ty  of t h e  eosrmc ray gas ,  none of 

the csuiponents sf < v  vanishes ,  i n  gene ra l ,  
J 
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SUMMARY 

I n  t h e  p re sen t  wozk w e  have been i n t e r e s t e d  i n  t h e  d e r i v a t i o n  and 

p r o p e r t i e s  of t h e  c ranspor t  equat ion descr fbfng  t h e  v a r i a t i o n  of t h e  

cosmic r ay  energy spectrum w i t h i n  the  i n t e r p l a n e t a r y  medium. The 

fundamental p r o p e r t i e s  of t h e  i n t e r p l a n e t a r y  medium which determine 

t h e  modulation are (1) t h e  underlying s p i r a l  magnetic f i e l d ,  (2)  i ts  

as soc ia t ed  e l e c t r i c  f i e l d ,  (3)  t he  i r r e g u l a r i t i e s  i n  t h e  magnetic 

f i e l d  and ( 4 )  t he  flow p r o p e r t i e s  of t h e  solan wind, The combined 

e f f e c t s  of t h e  s p i r a l  magnetic f i e l d  and i ts  i r r e g u l a r i t i e s  cause 

p a r t i c l e s  t o  p a r t i a l l y  guide along and d i f f u s e  ac ross  magnetic f i e l d  

Pines .  The s c a t t e r i n g  by i r r e g u l a r i t i e s  can be  cha rac t e r i zed  by a 

r e l a x a t i o n  t i m e  which is def ined  a s  t h e  t i m e  needed f o r  s c a t t e r i n g  t o  

nso t rop ize  pc;ztfclee of a given energy, and such a d e s c r i p t i o n  of t h e  

s c a t t e r i n g  impl ies  t h a t  p a r t i c l e s  undergo d i f f u s i e n  according t o  a 

d i f i u s i o n  tensor  which i s  determined by tho  r e l a x a t i o n  t i m e  and t h e  

s p i r a l  magnetic f i e l d ,  A p r e s c r i p t i o n  f o r  c d c v l a t i n g  t h i s  r e l a x a t i o n  

t i m e  i L 3 9  t h e  power spectrvim st the mdgnetie i r r e g u l a r i t i e s  has  been 

g iven  by J o k i p i i  (1966) and RoeYof (1966)e  By dis,::clssing Che d i f f u s i o n  

I n  terms af 2, r e l a x a t i o n  t i m e  insEead of a "mean free ?merr it becomes 

p o s s i b l e  t o  d isedrd  the u n r e a l i s t i c  p i c t u r e  o t  i s a l a t e d  sea t eez ing  

centers separa ted  by an energy dependent mean ~ r e e  pa th ,  The e l e c c r i c  

f i e l d  normal t o  thE ecliptic gives iise LQ parLisle d e c e l e r a t i o n  and 

t h i s  d e c e l e r a t i o n  modulates t h e  enesgy spectrum i f  t h e r e  is screaming 

along the  ~ l e ~ t r i c  f i e l d  d i r e c t i o n .  The s c a t t e r i n g  from magnetic 

i c r e g u h r ~ t i e s  a l s o  g ibes  xise to a d e c e l e r a t i o n  which is 
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l i t e r a l l y  an a d i a b a t i c  coJ1lng cf t h e  par t ic les ,  

The t r a n s p e r t  equat ion  we derive g ives  t h e  combined e f f e c t  of a l l  

t h e  above processes  on che cosmic ray energy spectrum and our equat ion  

reduces  t o  Paxker's equat ion  (Parker,  1965) i n  t h e  absence of a s t eady  

e l e c t r i c  f i e l d ,  Our a n a l y s i s  a l s o  determines the d i f f e r e n t i a l  s t reaming 

v e l o c i t y  of cosmic rays at any point  i n  t h e  e c l i p t i c  i n  terns of t h e  

l o c a l  energy spectrum. 
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FIGURE CAPTIONS 

Figure  1. I n t e r p l a n e t a r y  F i e l d  Model. The s e c t o r  s t r u c t u r e  of t h e  

average magnetic f i e l d  is  i l l u s t r a t e d  by means of two s e c t o r s  

of oppos i t e  p o l a r i t y .  The e l e c t r i c  f i e l d  is  out  of t h e  

e c l i p t i c  i n  one s e c t o r  and i n t o  t h e  e c l i p t i c  i n  t h e  o the r .  

F igure  2. One Dimensional Model of Adiaba t ic  Cooling. Magnetic 

i r r e g u l a r i t i e s  are represented by t h e  a r t i f i c e  of p i s t o n s  

of area A l oca t ed  a t  x . e e x receding azimuthal ly  -n n 

wi th  v e l o c i t i e s  v . . . v wi th  r e s p e c t  t o  x = 0. -n n9 
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APPENDIX A 

In t h e  fol lowing paragraphs w e  o u t l i n e  t h e  s t e p s  l ead ing  from 

the Boltzmann equat ion  t o  equat ions  4 and 5, 

w e  e v a l u a t e  t h e  i n t e g r a l s  occuring i n  t h e  Boltzmann equat ion,  i n t eg ra t ed  

over  v = cons tan t  i n  momentum space: 

To a r r i v e  a t  equat ion  4 ,  

To f a c i l i t a t e  t h e  angular  i n t e g r a t i o n  w e  choose s p h e r i c a l  coord ina tes  

as t h e  in tependent  v a r i a b l e s  i n  phase space  - r ,  0 and C$ r ep resen t ing  

a p o s f t i o n  and v 8 '  and 0' represent ing  a v e l o c i t y .  The second t e r m  

becomes 

s i n c e  x and v are independent va r i ab le s .  The t h i r d  term becomes f i 

1 1 a 2 a 
m V Fvf) * vsine '  ae '  vsine'  a $ I  9 - (F , f )  Iv dl2' - (sinO'Fd,f) + 

s i n c e  aFi/avi = 0 f o r  t h e  Lorentz force.  

second and t h i r d  t e r m s  become 

S ince  dQ' = sine'de'd$!,  the 
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s i n c e  t h e  in tegrand  i n  t h e  f i r s t  term vanishes  and because F 

have t h e  same va iue  a t  9' = 0 and 9' =  IT. 

f must It' 
Therefore  equat ion A3 becomes 

and s i n c e  only t h e  e l e c t r i c  f i e l d  has a f o r c e  component along t h e  p a r t i c l e  

v e l o c i t y ,  

Therefore ,  

s o  t h a t  equat ion  A 1  becomes 

To o b t a i n  equat ion  5 w e  eva lua te  t h e  i n t e g r a l s  occurfng i n  t h e  

v e l o c i t y  moment of t h e  Boltzmann equat ion  over t h e  s h e l l ,  v = cons tan t :  

af 2 I v j  E v2ds2' + J v j v i - axi a f  v2dR' + J v j -- Fi m af av v 2 dn' = I v j  K; dQ' (A41 
i 

Since  v v and t are independent v a r i a b l e s ,  t h e  f i r s t  two terms become j' f 



2 1  

i 3  w i t h  S 

of equat ion  A 4 .  

as def ined fa eqrration 5. Let us cow c m s i d e r  t he  t h i ~ d  t e r m  

We have t h a t  

Therefore, 

since the angular  p a r t  of t h e  divergence vanishes  as f o r  equat ion A 3 .  

Hence, 

Fi a f  v 2 dQ' = - 1 [-hcF.r + - a (h<F v . > ) ]  v -- 
m J av V J  j m av i 

,ij h<F i Ei a h . ~ E . v , v , ~  
i 

- -  I a ( 11.1 h)-h<F > ]  = -- [ -v.><v. > + -3 - - 
- m [ K  V 3 m a v  V I  J V m 

Equation A4 t h e r e f o r e  becomes 

w i t h  P as def ined i n  equat ion 5, The above equat ion may b e  r e w r i t t e n  as 
j 

Making use of equatfon 4 ,  t h i s  f i n a l l y  becomes 

(5j 
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I n  t h e  fol lowing pacagraphs w e  consider  t h e  eosmic ray energy l o s s  

produced by s c a t t e r i n g  from f i e l d  i r r e g u l a r i t i e s ,  Ln our t r a n s p o r t  

equat ion  fo r  t h e  energy spectrum, equat ion  10,  t h i s  energy exchange is 

contained i n  t h e  Fokker Planck c o e t f i c i e n t ,  < C v  l b t ,  whiLh w a s  def ined  

i n  terms of a f i e l d - f r e e  medium having a uniform cosmic ray d i s t r i b u t i o n .  

Under such circumstances one is looking a t  t h e  s c a t t e r i n g  wi thout  i n t e r -  

f e rence  trom f i e l d  and g rad ien t  ef tects ,  and t h e  arguments l ead ing  t o  

rhe relaxaticn approximation, equat ion 12, indicase that  t h e  s t reaming 

v e l o c i t y  of t h e  p a r t i c l e  d i s t r i b u t i o n  h '  approaches t h e  s o l a r  wind 

v e l o c i t y ,  no matter how t h e  streaming veloefty is  i n i t i a l l y  prepared. 

A s t eady  s ta te  d e s c r i p t i o n  of the p a r t i c l e s  comprising h' is t h e r e f o r e  

t h a t  they stream wi th  t h e  s o l a r  wind, 

The problem now reduces to consider ing a d i s r r i b u t i c n  of eosmic 

r ays  whose cen te r  cf m a s s  is  a t  r e s t  i n  an  expanding conf igura t ion  of 

I r r e g u k t  magnetir  f i e l d ,  This expansion occurs  normal t o  the d i r e c t i o n  

of plasma flow, and w e  s h d l  ini . t iakly represent  t h e  expanding conf igura t ion  

of inagnerrc i r r e g u l a r i t i e s  by r h e  a r t i f i c e  of receding p i s t o n s ,  (See 

F i g u r e  11) The p i s t o n s  are receding wi th  a v e l o c i t y  p r o p o r t i c n a l  t o  t h e i r  

d i s t a n c e  irom t h e  orig;ri and any p a i r  of p i s tons  d e f i n e s  a ccil i n  which 

c o s m e  rays a r e  confined,  To t h e  ex ten t  that: t h e  p a r t i c l e s  r ep resen t  an  

i d e a l  gas ,  t h e  p a r t i c l e s  w i t h i n  c e l l  c obey n,n+l 

2 dV 

d t  
1 d(kT) = 2 n , n+l 

K t  d t  7lV 

- 
( k ~ )  v:,,+~= cons tan t ,  - - 

n,n+ 1 

where m is t h e  number of t r a n s l a t i o n a l  degrees  of freedom f o r  the p a r t i c l e s ,  

T is t h e  p a r t i c l e  temperature  and V i s  t h e  volvme of ce l l  n , a4-1 n,n+l  
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For. t h e  czse of expans im i n  t h e  e c l i p t i c  p lane  m l y ,  

Cmsequent ly ,  t h e r e  is  a m i f o r m  p a r t i c l e  cool ing  rate, 

i n  &. c e l l s ,  even though p a r t i c l e s  momentarily ga in  energy in d i s t a n t  

c e l l s  when they rebound from t h e  p i s ton  nearer t h e  observer ( a t  r h e  

o r i g i n ) ,  

are d e a l i n g  wi th  a random, expanding magnetic s t r u c t u r e  f o r  which t h e  

x s r e  merely f i d u c i a l  p o i n t s  having expansion v e l x i t i e s  ,- Rather 

than  being s t r i c t l y  confined,  p a r t i c l e s  now scatter randomly and migra te  

f rom one c e l l  to another .  However w e  have j u s t  seen  t h a t  t h e  cool ing  rate 

is zhe s a m e  i n  a11 ce l l s  and is independent of t h e  c e l l  s i z e .  Therefore  

as long as chkre 1s s c a t t e r i n g  from t h e  expanding ccn f igu ra t ion ,  t h e  

p a r t i c l e s  coo l  according t o  equarion 8 2 ,  Equation B2  r e f e r s  to t h e  

tempecature of t he  d is t r ibLtEon of p a r t i c l e s ,  h P  (VI, which is r e l a t e d  

t o  t h e  speed of t h e  p a r t i c l e s  according t o  

W e  may now remove t h e  a r t i f i ce  of p i s t o n s  and r e c a l l  t h a t  w e  

v x  o n  
n r 

s i n c e  w e  are c sns ide r ing  p a r t i c l e s  i n i t i a l l y  oi t h e  same speed which 

are l o s i n g  speed a t  t h e  same rate, A s  long as v I s  v , equat ion  B 2  

becomes 

2 2 

v dt 'TI h 
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o r  i n  t h e  language of equatfan 8,  

v v  
0 

P (v - Av,bv) = 6(Av 4- - ) mr 

Therefore ,  t h e  f i r s t  Fokker Planck c o e f f i c i e n t  becomes 
--v v 

m r  
0 

< , L T , >  - Y  / a t  = - 

t h  The r Fokker Planck c o e f f i c i e n t  becomes 

o n  vv 

A t  mr 
-- - ( -  I At*-' -> o as A t  -+ 0 ,  iAvni. 

S e t t i n g  m = 3 and gene ra l i z ing  t o  t h e  two dimensional expansion of t h e  

s o l a r  wind w e  arrfve a t  

Oar t reatmenr of the cosmic ray cool ing  may appear ques t ionab le  s i n c e  

our r e s u l t s  are based upon a d i s t r i b u t i o n  of cosmic r ays  which i s  s t reaming 

outward a t  t h e  s o l a r  wind v e l o c i t y  whereas t h e  Cosmic r a y  gas 1s i s t r o p i c  

and hence s t a r i o n a r y ,  

d e f i n i t i o n  of t h e  Fokker-Planck c o e f f i c i e n t ,  ~Av~/P i i t  (equat ion 9 ) .  This  

c o e f f i c i e n t  measures t h e  ra te  a t  which s c a t t e r i n g  changes the p a r t i c l e  

speed i n  t h e  absence of f i e l d s  and g rad fen t s  and is t h e r e f o r e  calcrnlated 

for  a test p a r t i c l e  ( o r  system of p a r t i c l e s )  placed i n  t h e  s c a t t e r i n g  

regime, a f t e r  a t i m e  longer  than  t h e  r e l a x a t i o n  t i m e ,  any such system 

of p a r t i c l e s  is s t r e a d n g  wi th  the  solar wind, b u t  t h i s  s y s t e m  of p a r t i c l e s  

remains t h e  appropr i a t e  system f o r  c a l c u l a t i n g  <@v-lCt ,  The f a c t  t h a t  

there is another  process  (d i i fus ion )  which c r e a t e s  an o v e r a l l  i so t ropy  

The re so lu t ion  of t h i s  d i screpancy  l ies  i n  t h e  
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. 
by in t roduc ing  new p a r t i c l e s  t o  every volume element is  therefore 

i r r e l e v a n t ,  

given volume element a t  a p a r t i c u l a r  i n s t a n t  t o  be  i sotropiz  but 

cBv>/At concerns itself wi th  what happens t o  t h i s  set of p a r t i c l e s  

dur ing  t h e  next  At. 

Diffus ion  causes t h e  set of cosmic r a y s  loca ted  wi th in  a 


